The Dirac equation for relativistic electron waves is the parent model for Weyl and Majorana fermions as well as topological insulators. Simulation of Dirac physics and band topology in three-dimensional time-reversal invariant photonic systems, though fundamentally important for topological phenomena at optical frequencies, encounters the challenge of synthesis of both Kramers double degeneracy and parity inversion. Here we show how type-II Dirac points-exotic Dirac relativistic waves yet to be discovered-are robustly realized through screw symmetry. The emergent type-II Dirac points carry nontrivial topology and are the mother states of type-II Weyl points. The proposed all-dielectric photonic-crystal architecture allows unprecidented control of electromagnetic waves, including robust "open-cavity" states at photonic-crystal-air interfaces and anomalous refraction, with low energy dissipation.
Dirac's famous equation for relativistic electron waves [1] is the foundation for both the quantum field theory and the later topological insulators and semimetals [2] [3] [4] [5] . There has been a trend in the simulation of relativistic waves and topological states in classical dynamics such as electromagnetic [6, 7] , acoustic [8] [9] [10] [11] and mechanical waves [12, 13] , mostly in 2D systems. Many unprecedented phenomena in electromagnetics are discovered along this paradigm, such as photonic Zitterbewugung [14] and pseudodiffusion [15] , dielectric zeroindex metamaterials [16] , deformation induced pseudomagnetic field and photonic Landau levels [17] , Klein tunneling and supercollimation of photons [18] , and photonic topological insulators and semimetals with [19] [20] [21] [22] [23] and without [6, [24] [25] [26] [27] time-reversal (T ) symmetry.
Recently, such simulation develops from 2D to 3D [28] [29] [30] [31] [32] [33] [34] [35] , exposing to larger configuration and wavevector spaces that may lead to rich physical phenomena and applications, particularly in T -invariant photonic systems which are more feasible for high-frequency (e.g., infrared or visible) applications.
The fundamental challenges in the simulation of the Dirac equation in classical waves are the synthesis of both fermionic Kramers degeneracy and parity inversion with additional symmetries (totaling fourfold degeneracy), since in bosonic systems T 2 = 1 and the timereversal symmetry does not guarantee double degeneracy. Although there have been a few delicate designs [32, 34, 35] , an effective methodology for the simulation of Dirac relativistic physics in classical waves is still lack. In photonic crystals (PhCs) with C 6 symmetry, there are two types of doublets with opposite parities that enable the simulation of Dirac points (DPs) in 2D [10, 19, 23] and 3D [32, 35] . Outside the point-group symmetry, glide symmetry was exploited to realize 3D DPs [34] . However, both the C 6 point-group symmetry and the glide symmetry can only lead to Kramers degeneracy at certain high symmetry lines in the Brillouin zone (BZ). In addition, the C 6 point-group does not guarantee double degeneracy for all photonic bands on the high-symmetry line. There are other nondegenerate bands which can mess up the spectrum [32] . Moreover, only type-I DPs have been studied up till now. The concept of type-II DPs, as analog of the type-II Weyl points (WPs) but with fourfold degeneracy instead of twofold [36, 37] , though studied very recently in electronic theories [38] , has never been discovered in photonic and other bosonic systems.
The distinction between symmorphic (e.g., point-group) and nonsymmorphic spatial symmetries in crystals lies in whether the spatial origin can be preserved. Nonsymmorphic symmetries cannot preserve the spatial origin but translate it by a fraction of the crystal period. It is known that such translation can introduce unconventional mechanisms for band degeneracy [39, 40] . An elementary type of nonsymmorphic symmetry, beside the glide symmetry, is the screw symmetry: a rotation accompanied with a fraction of lattice translation. So far, the role of screw symmetry on the realization of topological states in classical/bosonic waves has not yet been explored. Here we unveil that screw symmetries can lead to Kramers double degeneracy for all Bloch states on certain planes in the BZ, thus creating a very large wavevector space for the simulation of DPs and the Z 2 topology.
The screw symmetries become particularly powerful when there are two orthogonal screw axes, since the product of the two screw rotations is essentially the parity that protects the DPs. Thus the two screw symmetries can simultaneously synthesize both elements of DPs:
the fermionic Kramers degeneracy ("spin") and parity ("orbit") inversion. In comparison, to simulate DPs using a glide symmetry, two additional mirror or glide symmetries are needed to create the parity ("orbit") degree of freedom. Our symmetry-guided approach provides a robust paradigm toward DPs and the Z 2 topology in T -invariant bosonic systems, without relying on fine-tuning or sophisticated design. 
Results

All-dielectric photonic-crystal architecture
To be concrete, we consider a simple design of all-dielectric PhC of tetragonal lattice with space group of P4 2 /mcm, although our approach can also be applied for other classical/bosonic waves. The PhC structure is schematically illustrated in Figs. 1a and 1b. In each unit cell (with lattice constant a ≡ 1 along all three directions) there are two orthogonal dielectric blocks (painted as yellow and green in Fig. 1 , respectively) of the same shape and permittivity ε b which are embedded in a polymer matrix of permittivity ε m . We shall first set the length l, width w and height h of the blocks as l = 0.5, w = 0.2, and h = 0.5.
The permittivities are set as ε b = 16 (germanium) and ε m = 1.9 (polymers). We show later that DPs also emerge for other material/geometric parameters, revealing the robustness and effectiveness of our symmetry-guided approach. These PhCs can in principle be fabricated using layer-by-layer methods with the current technology [41, 42] for infrared frequencies.
We use the MIT PHOTONIC BANDS[43] to calculate the photonic spectrum for the bulk bands in the BZ and the surface bands in the surface BZ (see the inset of Fig. 1c ).
The tetragonal symmetries crucial to our study are the two-fold screw symmetries Fig. 1b) . The 180
• rotation around the z axis,
is important as well. Other relevant symmetries include the inversion symmetry P := (x, y, z) → (−x, −y, −z), the time-reversal symmetry T : t → −t, and the mirror symmetries
The remaining symmetries are listed and analyzed in the Supplementary Materials. The nonsymmorphic symmetries transform the yellow blocks into green blocks (and vice versa), while the point-group symmetries transform within each color, as illustrated in Fig. 1b .
Photonic Kramers degeneracy
To elucidate the effect of screw symmetries, we construct the following anti-unitary operators: Θ i ≡ S i * T (i = x, y). The time-reversal operation T is manifested as the complex conjugation of the photonic "wavefunction" for a Bloch state Ψ n k ( r) = ( e n k , h n k ) T (here e and h are the electric and magnetic fields of the photon, respectively) with additional sign reversal for the magnetic fields. Since Θ 2 x = S 2 x = T 100 where T 100 is a spatial translation by the coordinate vector r = (1, 0, 0), acting Θ x twice on a photonic Bloch state Ψ n k ( r) gives
and is hence an invariant operation on the k x = π plane where we find
Following the same argument of the Kramers theorem, all Bloch states on the whole k x = π plane are doubly degenerate (see Fig. 1c ). The above relation is crucial for the synthesis of fermionic Kramers degeneracy in bosonic systems. Similarly, all Bloch states are doubly degenerate on the whole k y = π plane, due to Θ 2 y = −1.
Dirac Points
The synthetic "Kramers" double degeneracy on the two BZ boundary planes create a very large wavevector space for the simulation of Dirac physics and Z 2 topology. The next important step is to realize parity-inversion. The parity can be defined through the C 2 rotation around the z axis, which is invariant on the MA and XR lines. The product of the two orthogonal screw rotations yields exactly C 2 : S y S x = T 010 C 2 and S x S y = T 100 C 2 .
Therefore on the MA line one has Θ y Θ x = Θ x Θ y = −C 2 , i.e., the Θ x operator commutes with both Θ y and C 2 on the MA line. Elegantly, the above algebra reveals that the two degenerate states in any doublet have the same eigenvalue of the C 2 operator. Such eigenvalues c 2 = ±1 precisely represent the parities of the photonic states in the x-y plane. Crossing between two doublets with opposite parities on the MA line leads to a 3D DP. According to Ref. [44] , the topological charge of the DP is a measure of parity-inversion,
is the parity of the lower branch of the Dirac cone, and k
is the wavevector slightly larger (smaller) than the wavevector of the DP on the z direction, k 0 . Hence a DP is essentially a source or sink of parity-inversion in photonic bands. Fig. 1d shows that there are four DPs in the first six bands with topological charges N DP = ±1, due to the crossing between the doubly degenerate p-wave and d-wave states (see Fig. 1d for field profiles).
Remarkably, we find that our symmetry-oriented paradigm provides a robust and effective approach toward Z 2 topological DPs: Fig. 1e shows that the emergence of DPs is quite robust to the shape and permittivity of the dielectric blocks (more examples are given in the Supplementary Materials), since any crossing between bands of different parities can lead to DPs.
The spin-orbit physics of the Dirac points can be understood via a symmetry-based k · P theory (see Supplementary Materials for details). The Hamiltonian can be constructed using the basis of the two doublets p 1 and p 2 , d 1 and d 2 [ Fig. 1d ]. Recombination of these states
(|d 1 ± i|d 2 ), which carry total angular momenta (TAM) that are opposite for the + and − states (see Supplementary Materials). Emulating fermionic spin and orbit with TAM and parity, respectively, we find the following photonic Hamiltonian for a DP,
where ω 0 is the frequency of the DP, v is the characteristic group velocity,1 is the 2 × 2 identity matrix,ˆ σ is the Pauli matrix vector, 
Derived type-II and type-I Weyl Points
A DP can be regarded as composed of a pair of WPs of opposite Chern numbers. Thus when the space symmetry is reduced WPs can emerge from DPs [32] . To realize the WPs, we deform the unit-cell structure in such a way (as displayed in Fig. 2a ) that the two screw symmetries S x and S y , the three mirror symmetries M 1 , M 2 and M z , as well as the inversion symmetry P are broken. However, the C 2 symmetry is still preserved. The removal of the two screw symmetries lifts the deterministic double degeneracy on the MA line. However, accidental degeneracy between bands of opposite parity is protected by the C 2 symmetry.
The 
Robust surface states
According to the bulk-edge correspondence principle [2] [3] [4] [5] , the (100) surface states of the tetragonal PhC can reveal the Z 2 topology of the DPs. We then calculate the surface and projected bulk photonic spectrum using a supercell stacking along the x direction [see Methods]. Fig. 3a shows a gapless surface band traversing the projected photonic band gap.
This surface band is between the upper and lower branches of the type-I DP, but above both branches of the type-II DP. Thus the gapless surface band is induced by the type-I topological DPs. Nevertheless, both type-I and type-II DPs have the same Z 2 topology (see Fig. 1 ). The topological surface states carry finite TAM as indicated in Fig. 3b by the winding of the Poynting vectors. The photonic TAM reverse sign when the wavevector reverse sign (see Fig. 3b ). This property is similar to the spin-wavevector locking on the edge of topological insulators [2, 3] . We find that the two symmetries, S y and T , guarantee that the spectrum in the surface BZ is symmetric under the transformation (k y , k z ) → (±k y , ±k z ) (see Methods). Such a non-chiral surface band of our PhC, distinctive from the chiral surface states due to Weyl points [28, 30, 31] , has never been found in photonics before. Remarkably, here the topological surface states are below the light-line and form "open-cavity" states on the PhC-air interfaces without additional cladding.
The robustness of the topological surface states can be revealed via their frequency stability against surface modifications. Fig. 3c shows that the frequency of the topological surface state is quite robust and insensitive to variations of the thickness of a dielectric slab placed on top of the PhC surface. The change of frequency is within 2.5%, although the field profile has been substantially modified (see Fig. 3d ). Comparison between the topological surface state and the slab-defect state in a typical sandwich-structure with woodpile-PhC cladding [46] (see inset of Fig. 3c and details in Methods) shows that the topological surface state is more robust, even though there is no complete photonic band gap in the tetragonal PhC (while the woodpile PhC has a large complete photonic band gap of δω/ω = 21%).
These topological surface states thus form resilient, subwavelength-confined quasi-2D photonic systems. The nontrivial topology/Berry-phases and the gapless spectrum distinct the topological surface states from conventional PhC surface states [47] .
Spectral and optical properties
There are two types of DPs, which in analog of type-I and type-II WPs [36, 37] , are termed as type-I and type-II DPs (both of them appear in Fig. 1d ). From Eq. (2), the photonic spectrum around a DP in the k x -k z plane (Fig. 4a) is
where τ = ± stands for the upper and lower branches of the DP, respectively, the dimension-
|α| 2 + |β| 2 and η measure the deformation of the Dirac cone. The classification of type-I and type-II DPs here depends on the parameter η: |η| > 1 for type-II DPs and |η| < 1 for type-I DPs. The isofrequency contour near a type-II DP is a hyperbolic curve (Fig. 4b) . In contrast, the isofrequency contours near a type-I DP is of elliptical shapes. When ω = ω 0 , the two branches touch each other and the isofrequency contour becomes a pair of crossing lines (Fig. 4c) , between which the angle is θ DP = 2 arctan
A finite angle θ DP signals the type-II DPs. The classification of type-I and type-II DPs does not affect the topological charge: both type-I and type-II DPs can have the same topological charge (see Fig. 1d ).
The dispersion of the type-II DP in the k x -k y plane is distinctive from the existing DPs [19, 32, 34, 35 ] (see Fig. 4d ). This spectrum can be understood via the k · P Hamiltonian (2)
, with τ = ± and i = 1, 2.
This spectrum is nondegenerate for finite q x and q y . The two-fold degeneracy is restored only on the k x = π and the k y = π planes (i.e., when q x = 0 or q y = 0) by the screw symmetries, recovering the dispersion in Eq. ). Using the dispersion in Eq. (3),
. Interestingly, as only the solutions with negative v z deliver the refraction beams, one readily finds that for η > 1, there is no refraction. In contrast, for η < −1, there are two refraction beams of opposite refraction angles, as depicted in Fig. 4c , with
Since the two DPs at opposite k's, which can also be regarded as two "valleys" [11] , have opposite η, the above property then allows valley-selective excitation of type-II DPs.
An intuitive interpretation of Eq. (4) can be drawn from the group velocity profiles in
Figs. 4b and 4c: the group velocities for the upper and lower branches are always directed to two opposite direction with respect to the k z axis. An analytic proof of such a property is presented in the Methods section, which is confirmed in Fig. 4h for various frequencies and parameters. Away from the k x = π and k y = π planes, the photonic spectrum is nondegenerate, leading to two pairs of refraction beams with opposite angles, as shown in , due to vanishing group velocity in the k x -k y plane. The above unconventional optical properties also holds for type-II WPs. However, as WPs are two-fold degenerate, there are only two refraction beams. Coexisting positive and negative refraction was found in a 2D model system before [45] . Our study establishes concurrent negative and positive refraction for 3D all-dielectric PhCs, which may enable simultaneous real and virtual imaging.
Discussions
The band topology induced by crystalline symmetries are in the context of topological crystalline states [49, 50] . Weak disorders that preserve the crystalline symmetry on average do not destroy the topological orders and surface states [32, 50] . for details).
In fact, such simulation shows that the DPs in our PhC are even more robust than the WPs found in Ref. [28] where the parity breaking perturbation (0.1a) 3 can substantially modify the number of WPs. The resilient topological states in our system provide unprecidented opportunities for optoelectronic devices on the PhC-air interfaces, which are easier to fabricate, manipulate, and probe (e.g., using near-field scanning spectroscopy), compared to conventional cavities and waveguides embedded in PhCs [48] . Our all-dielectric topological PhC architecture may inspire discovery of other 3D topological photonic states in all-dielectric photonics, and stimulate future synergy between subwavelength photonic topological metamaterials and optoelectronics on the PhC surfaces.
Methods
Symmetry transformation of the photonic states
A photonic state Ψ n k ( r) transforms under the Θ x = S x * T operation as follows,
wherem y andm z are the mirror transformation for the electric and magnetic fields:
and the operatort h reverses the sign of the magnetic field. Acting Θ x twice yields,
Refraction
The photonic dispersion in the medium with refraction index n i is given by ω = c| k|/n i .
Around the DP at K 0 = (π, π, k 0 ), the dispersion in the medium can be expressed as ω = c| k|/n i = c| K 0 + q|/n i where q = k − K 0 . Since the perpendicular wavevector k z is not conserved during refraction, we can always set
for fixed q , while adjusting k z to keep a constant frequency. The angle φ i is varied from 0 to 2π. The refraction in the x-z plane is determined by matching the frequency and the parallel wavevector, yielding
The perpendicular wavevector q z in the PhC is determined by the above equation, which has two solutions for η < −1
Inserting this into the definition of the refraction angle, we obtain
Refraction for generic q (i.e., away from the x-z or y-z plane) is given in details in the Supplementary Materials.
Calculation of surface states
The surface states are obtained by supercell calculations. The supercell is periodic in the y-z plane but finite in the x direction. There are seven layers of unit cell along this direction as sandwiched by air layers of length 3a on the left and right, separately. The simple cladding medium (air) used here is non-topological for all polarizations and useful to study topological surface states below the light-line. The supercell structure is set to preserve the S y symmetry. Since S y transforms¯ k = (k y , k z ) to (k y , −k z ) in the surface BZ, the surface spectrum is symmetric with respect to k z = 0 and k z = π. In addition, the T symmetry guarantees that the surface spectrum is invariant under the transformation¯ k = (k y , k z ) to (−k y , −k z ). Therefore the surface photonic dispersion is also symmetric with respect to k y = 0 and k y = π.
In the calculation of the reference slab-defect states, we have set the permittivity of the slab-defect layer as ε = 8 (the same as that of the dielectric slab on top of the topological PhC). The logs of the woodpile PhCs above and below the slab-defect layer are of width 0.25a, height 0.3a and permittivity of 12 (silicon).
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Supplementary Materials
Sec. SI Other symmetries and their consequences
In addition to the symmetries listed in the main text, there are also two glide symmetries, G x ≡ S x * P and G y ≡ S y * P, which are unrelevant to the Dirac points and Weyl points studied in this work. Nevertheless these two glide symmetries can lead to Kramers double degeneracy on several high symmetry lines: the RZ line (k y = 0, k z = π) and the MY line (k y = π, k z = 0) (as shown in Fig. 1c in the main text) . This is because G x * T is an invariant operator on both these lines and (G x * T ) 2 = T 011 = −1 for both lines.
Sec. SII Robustness of Kramers degeneracy and parity inversion through screw symmetries
Here we show that the realization of Kramers degeneracy and the emergence of parity inversion are robust to the material and geometry of the photonic crystals (PhCs). We calculate the photonic bands for the k x = π plane with four different geometric/material parameter sets. The results of the photonic bands are shown in Figure S1 where we also show the parity inversion on the MA line. We find that the synthetic Kramers double degeneracy on the k x = π plane holds for all parameters. This is because such double degenracy are guranteed by the screw symmetry S x . In addition, the parity of the photonic bands are well-defined on the MA line. For all four sets of parameters in Figure S1 , we observe parity inversion and emergence of DPs in the first six photonic bands. In these parameters, we adopted the permittivity of the blocks as ε b =12 (silicon) or 10 (e.g., GaAs) and the permittivity of the backgroud medium as ε m = 2 (polymer). The geometric parameters of the blocks are also varied. The robustness of the method on the realization of Dirac points on the MA line is thus robust to material parameters. This also indicates the stableness of the Dirac points and implies that such a symmetry-guided method can also be effective in other classical/bosonic systems. 2 ), respectively. They shall be labeled as |d 1 and |d 2 , respectively. According to the field profiles, we observe that p i |S x |p i = 0 for i = 1, 2, and p 1 |S x |p 2 = −i = − p 2 |S x |p 1 . Thus S x is manifested as σ y between the two degenerate p-states. This is also true for the d-states: d i |S x |d i = 0 for i = 1, 2, and
The Θ x operation is then simply Θ x = σ y K where K is complex conjugation. Here the Pauli matrices σ i (i = x, y, z) act on the "spin" space within each doublet of a given parity. The Kramers degeneracy is due to Θ 2 x = −1. A better choice of "spin" is to construct the four states as
These four states carry total angular momentum (see Figure S2 ) which can be leveraged to emulate "spin". Though we will eventually switch to such a representation, we stay for the p 1 , p 2 , d 1 and d 2 basis for now for simplicity. The aim of this section is to construct a k · P theory for the Dirac points to understand the dispersions around the Dirac points, particularly in the k x -k y plane. The photonic bands are solutions of the following eigenvalue equations
where n is the band index and h n, k ( r) is the Bloch function for the magnetic field of the electromagnetic wave. It is normalized as u.c. d r h * n , k ( r) h n, k ( r) = δ nn with u.c. denoting the unit cell (i.e., integration within a unit cell). The Hermitian operator ∇ ×
∇× is then regarded as the "photonic Hamiltonian" [32] .
The k · P theory is constructed by expanding the Bloch functions of photonic bands near the DP with the Bloch functions at the DP. Direct calculation yields, the following k · P Hamiltonian, where ω n,0 is the eigen-frequency of the n th band at the DP. The matrix element of P is given by
A crucial fact is that the matrix element P nn is nonzero only when the n and n bands are of different parity. In our system the mirror planes are the (110) and (110) planes.
Therefore, we shall calculate the two momentum matrix elements,P 1 = (P x +P y )/ √ 2 and
According to the symmetry of the p and d states, we find that q-linear terms in the basis of (|d 1 , |d 2 , |p 1 , |p 2 ) T is
where ω 0 is the frequency of the Dirac point, v is the group velocity along the z direction, η measures the deformation of the Dirac cone along the z direction. The Pauli matrix τ i (i = 0, z) is defined in such a way that τ z gives the parity of the photonic states. Here we consider the Dirac point with k z > 0.
The invariance of the Hamiltonian under Θ x implies that
Note that
we find Θ x q 1 = q 2 and Θ x q 2 = q 1 . We thus find that
We then define α ≡ c 2 2ω 0 v a 1 and β ≡ c 2 2ω 0 v a 2 and find
Up to the q linear order, the Hamiltonian H gives a spectrum without degeneracy, except for q 1 = ±q 2 (i.e., on the k x = π and k y = π planes). Therefore, the spectrum in the k x -k y plane has four branches for a generic direction. Only for the q 1 = ±q 2 case the spectrum is double degenerate and has only two branches. Physically, the double degeneracy on the k x = π and k y = π planes is induced by the screw symmetries S x and S y . Specific dispersions around the type-I and type-II Dirac points on the k x -k y plane is shown in Figure S3b According to the k · P analysis in Ref. [32] , only the crossings between p − and d − or between p + and d + can lead to Weyl points, whereas the coupling between p + and d − and other combinations cannot lead to k-linear spectrum with nonzero Chern number. In our PhCs, counting in frequency-ascending order, the first Weyl point is due to the crossing between the p − and d − state, as indicated by the field profiles near the Weyl point. The second Weyl point is due to the crossing between another p − state and the d − state. The third Weyl point is due to the crossing between the p + and d + states.
We shall now apply the k · P theory to show that the crossing between p − and d − states at k z > 0 leads to a Weyl point with Chern number -1. The two states can be represented according to their spatial symmetry as
The coefficients c i > 0 and d i > 0 (i = 1, 2) characterizes the anisotropy of the p − and d − states, which can be determined numerically via the field distributions from ab initio simulation. However, the analysis here is already sufficient to determine the Chern number of the Weyl points, which is a topological quantity that does not depend on the specific numbers of the coefficients. The k · P Hamiltonian between the two states in the basis of
where In the k z < 0 region, there is another Weyl point linked by time-reversal operation, which is hence a crossing between the |p + and |d + states. This Weyl point has Chern number sgn(v ). However, the velocity also switches sign, leading to a Chern number of −1, as well.
The crossing between the |p + and |d + states in the k z > 0 region is then a Weyl point with a Chern number of +1. The time-reversal partner of this Weyl point also has Chern number of +1.
Sec. SV Disorder effects
We now study the effects of disorder on the DPs and topological surface band. We shall use crude spatial meshes in the photonic spectrum calculation to mimic disorders. Crude spatial meshes roughen the surface of the dielectric blocks, introducing surface imperfection (see the inset of Figure S6a ). The surface roughness is on the scale of a/N where N is the number of mesh points along x, y or z direction. At very small N (such as N = 8 as illustrated in the inset of Figure S6a ) the roughness not only affect the surface but also the inside of the dielectric blocks. We check numerically whether such strong disorder effects can affect the DPs and the topological surface band.
Exactly speaking, with these disorders, the fourfold degeneracy of the DPs are lifted.
Splitting of degeneracy is quantified by ∆ω 0 /ω 0 where ∆ω 0 is the largest frequency minus the smallest frequency of the four nearly degenerate bands, and ω 0 is the averaged frequency.
It is shown in Figure S6a that such splitting is negligibly small even for very low resolution N = 8. The manifested robustness of the DPs against disorders is even more pronounced than the DPs stabilized by the point group symmetry as studied in Ref. [32] . We also study the robustness of the topological surface states against disorders using a similar approach:
reducing the spatial resolution in the calculation. In Figure S6b , we show that the modification of the frequency of the topological surface state onȲ is also very small (smaller than 2%) for a resolution as small as N = 8. The frequency change ∆ωȲ here is defined as the frequency of the surface state atȲ for a smaller resolution minus that for the very large resolution N = 64. Therefore, we have shown that both the DPs and the topological surface states are robust against disorders.
No. of beams For light injected from the medium above the PhC only beams with v z < 0 yield refraction.
Therefore, for η > 2, there is no solution, for |η| < 1 there is one solution, for η < −2, there are two solutions (see Figure S6 ).
For the τ = 2 branches, we have
The refraction angles are obtained as
where v is the projection of the group velocity on the parallel wavevector direction, v = v · e k , e k = 1 k 2
x + k 2 y (k x , k y , 0), k i = π + q i , (i = x, y). 
